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Abstract 
The authors have made the transition from the mass balance equations based on the Kirchhoff laws in solution of network hydraulic with 
discretized of the continuity equation. It is reduced to the numerical solution of the second order Poisson's equation for pressure equation. It 
makes possible to solve extralarge network hydrodynamic problems order of 10 million nodes and links. 
Moreover, this method is numerically stable even for hydraulic networks, in which the friction factor and minor losses in pipes may differ by 
more than 10 orders and global gradient algorithm, used in EPANET, became not enough suitable for use. 
Convergence of the proposed method is higher then “loop” or “node” methods, and close to the Todini global gradient algorithm convergence 
and yields only 1 − 2 iterations. Also the convergence almost doesn’t depend on problem dimension. The convergence comparison was carried 
out by the program EPANET and different “loop” and “node” methods. 
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1. Introduction  
The first hydraulic networks were known in 700 B.C. The water flew from the mountains in open channels to the nearest towns 
by gravity forces. However, the growth quantity of pipes and hydraulic networks as of different valves, pumps, throttles and etc 
made it difficult to simulate pressure and velocity distribution in the different parts of the hydraulic systems. Research of finding 
a method to analize the network in whole resulted in “theory of network hydraulics”. 
The basics of hydraulic researches were founded by Bernoulli, Poiseuille, Reynolds in 18 − 19 centuries A.D. Even now the 
lots of works describe the solutions of water distribution in hydraulic systems. Equations which describe isothermal single- phase 
fluid flow are nonlinear and their solution is hard and nontrivial and requires individual problem understanding. In general for 
solving of hydraulic system we need to solve the continuity and momentum equations for every node such as pipes, pumps, 
valves, etc. The number of equations, that need to be solve even for small hydraulic system is rather big, which makes solving 
very hard. 
One of the most effective methods of hydraulic analysis became iterative Hardy Cross method authored in the 30s of 20th 
century. This method is based on coordinate relaxation iterative solution. The purpose of such solution is to get node pressure 
and velocity in links of hydraulic system in accordance with Kirchhoff laws with known estimation error. Unfortunately, this 
method doesn’t guarantee numerical convergence.  
The Global Gradient Algorithm, authored by Ezio Todini in 1987, has no such shortages. This algorithm includes fast 
numerical solution with high accuracy. The best description of global gradient algorithm is represented in manual of EPANET 
by Louise Rossman. 
However for complex hydraulic systems, in which the friction factor and minor losses differ in 5 to 10 orders, these methods 
don’t guarantee iteration convergence, especially for networks with pressure and demand regulators. 
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Nomenclature 
CV control volume 
ρ density, kg/m3 
r  radius vector of the current point in space, m 
wvu ,,  velocity components along the x, y and z axis, respectively, m/s 
x, у, z coordinates, m 
(e , r)g
 
  scalar product of the unit gravity vector on the radius vector, m 
u  velocity vector, m/s 
 dynamic viscosity, Pa·s 
 Reynolds number 
g  gravitational acceleration, m/s2 
q mass source kg/m3 
n  unit outward vector normal to the surface of the CV 
S lateral surface area of the CV 
Fw, FP demands through the faces 'w' and 'P' of the control volume λ  distributed friction factor 
D  hydraulic diameter 
ς  minor loses δx  CV’s length along the x-axis 
 driven cavity velocity, m/s 
 length of the cavern edge, m 
Q mass source in the control volume associated with the node P 
 
2. The problem formulation 
The follow problem of fluid flow distribution was considered. Hydraulic network (see Fig. 1) consist of the hydraulic links, 
such as pipes or channels, with predetermined constant length and area, and nodes, which the hydraulic links are associated. The 
nodes on Fig.1 are represented as diamonds with numbers but links like connection segments between nodes. Wherein pressure 
and mass sources are given only at the nodes and friction and minor losses are given only in the links. 
 
 
Fig. 1. The hydraulic network 
 
The fluid flow in hydraulic system is considered as steady and isothermal. Then, in general such flow is described by the 
Navier-Stokes equations for laminar and the Reynolds equations for turbulent flows. 
 
( )div (u) Puu grad xρ μ
∂− = − ∂

,       (1) 
( )div ( ) Pvu grad v yρ μ
∂− = − ∂

,       (2) 
( )div ( ) Pwu grad w zρ μ
∂− = − ∂

,       (3) 
( )div u qρ = ,         (4) 
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In this case the total pressure P is applied instead pressure p in equations (1) − (3) and defined by the follow equation 
 
(e , r)gP p gρ= −   .         (5) 
 
The boundary conditions at the hydraulic system inflow are specified as: 
 
inletP P=  or inletu u=
 
       (6) 
 
The boundary conditions at the hydraulic system outflow are specified as: 
 
outletP P=  or outletu u=

       (7) 
 
Here inlet and outlet – refer to input and output of the hydraulic system respectively. 
3. The control – volume method (CVM) 
At the applied method the discretization by the control − volume method on the combined grids has been used.For numerical 
solutions have been used used the finite-difference version of the finite volume method. For description of a steady flow in the 
hydraulic system’s link the follow simplification may be applied – if the coordinate axis OX align with hydraulic link direction, 
then the momentum equations for OY and OZ axis are inappropriate to consider. Therefore, the (3) and (4) Navier-Stokes 
equations can be excluded. In this formulation of the momentum equations for the velocity vector components, which coincides 
with the fluid flow direction (1), are regarded as the equations for velocity field determination, and the continuity equation (4) as 
an equation to determine the pressure field. Discrete analogues of equations (1) and (4) are obtained by integrating of the 
computational domain, which is split on control volumes. The peculiarity of the developed method is the direct substitution of 
the discrete analogue of the momentum equation in the continuity equation to get a discrete analogue of this equation to 
determine the pressure field. 
 
а)  б)  
Fig. 2. Control volumes for: a) momentum equation; b) continuity equation 
 
Let us consider the integral formulation of the momentum equation (1) and integrate equation (3) by a typical control volume 
(Figure 1a), whereupon apply the Gauss's theorem. 
 
( )( )[ ]
V V
Pdiv uu grad u dV dV
x
ρ μ ∂⎛ ⎞− ⋅ = −⎜ ⎟∂⎝ ⎠∫ ∫

     (8) 
( )( )( )[ ] ,
S V
Puu grad u n dS dV
x
ρ μ ∂⎛ ⎞− ⋅ = −⎜ ⎟∂⎝ ⎠∫ ∫

     (9) 
 
After the integral calculating, the discrete analogue of the momentum equation (8) takes the following form: 
 
2
P P
P P w W
V
u PF V u F u dV
D x
ρλ ∂⎧ ⎫+ Δ = −⎨ ⎬ ∂⎩ ⎭ ∫ ,      (10) 
2 P W
w w
PWw w
P Px Pu d
u x x
δ
ρ ξ δ
−∂= − = −∂ ,      (11) 
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w P
W w w w P P P P
S S
F udS u S F udS u Sρ ρ ρ ρ= = = = =∫ ∫ ,     (12) 
 
To obtain a discrete analogue to get pressure we integrate a continuity equation (4) by control volume shown in Fig. 1b. 
According the Gauss theorem the left side of equation has a form: 
 
( ) ( )( ) ( )( ) ( )( ) ( )( )u u , u , u , u ,
w e sV S S S S
div dV n dS n dS n dS n dSρ ρ ρ ρ ρ= = + +∫ ∫ ∫ ∫ ∫          
 
Therefore, discrete analogue of the continuity equation (4) has a form: 
 
e w sF F F Q− + =        (13) 
 
The convective flows  Fe  and Fw  on the faces s and e define analogously (11) 
 
( ) ( )e e ee e e e e E Pe
PE e
d SPF u S d S P P
x x
ρρ ρ δ
∂= = − = − −∂ ,    (14) 
( ) ( )s s ss s s s s S Ps
PS s
d SPF u S d S P P
x x
ρρ ρ δ
∂= = − = − −∂ .    (15) 
 
Introducing the notations: 
 
e e e
e
e
d SD
x
ρ
δ= , 
w w w
w
w
d SD
x
ρ
δ= , 
s s s
s
s
d SD
x
ρ
δ= .    (16) 
 
Let us obtain a discrete analogue of the continuity equation in the fellow form: 
 
P P W W E E S Sa P a P a P a P b= + + + ,       (17) 
 
where 
 
S Sa D=  W Wa D=  E Ea D=  b Q=   P W E Sa a P a P a= + +  
 
The following iterative procedure has been used for solution of the system of equations (1‒4): 
1. Introduce prospective pressure and velocity fields. 
2. Calculate fields d for every hydraulic link (11). 
3. Calculate coefficients of the pressure field discrete analogue (16) and determine pressure field and pressure gradients. 
Determine mass flow throw the control volume faces. 
4. Calculate velocity for every hydraulic link, using coefficients of the motion discrete analogue and the pressure field 
gradients. 
5. Return to step 2 until convergence is reached. 
4. The method testing 
In case of one of the test problems for confirming the control ‒ volume method, authors solved a task from the Simpson’s 
article. The specialty of this problem is that the friction factor is function of the Reynolds number. The hydraulic system is 
represented on fig. 3. The solution of the problem using two different kinds of gradient algorithm with head distribution is 
represented in this article.  
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Fig. 3. Hydraulic network for the first test problem 
Comparison of the results obtained by CVM and the Simpson’s article are summarized in Table 1. The error has been 
calculated by the follow relationship: 
      
where  – reference values of head in the nodes taken from the Simpson’s article, – values of head in the nodes obtained 
by CVM 
Table 1. Comparison of the results 
, m , m Error δ,% 
240,00000 240,000 0,00000 
203,38794 203,403 0,00740 
200,49390 200,509 0,00753 
223,58027 223,588 0,00346 
202,34512 202,360 0,00735 
200,48419 200,499 0,00739 
197,03134 197,048 0,00845 
191,80189 191,818 0,00840 
191,04145 191,058 0,00866 
118,35004 118,384 0,02869 
139,38592 139,416 0,02158 
188,43973 188,456 0,00863 
 
Due to the lack of large-scale hydraulic networks data, such a test problem has been made artificially. In this case the CFD 
solution were used as the reference one. From the three-dimensional velocity and pressure fields for the equivalent hydraulic 
network were determined the friction factor and minor losses in the links, sources and demands in the nodes. Thus, as the second 
and third test problems, the fluid flow in square and cubic caverns with driven cavity, were reviewed. All the necessary data for 
the hydraulic simulation were taken from the solution of this tasks by a commercial software package STAR−CD. 
The computational region is a square  cavern with driven cavity with velocity U. The fluid flow is laminar, steady, viscous 
and incompressible. The density and viscosity of the fluid are constant and satisfy the follow equation: 
 
    , 
The CFD mesh and an equivalent hydraulic network for square 11×11 nodes cavern are represented in fig. 4. Here and below 
for mesh and results visualization of hydraulic simulations have been done by a commercial software package STAR−CD. 
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a)  b)  
 
Fig. 4. The square cavern meshes: a) CFD; b) Equivalent hydraulic network 
 
The pressure fields comparison in square cavern obtained by CFD and CVM network hydraulic simulations, is shown in 
figure 5. Results obtained by hydraulic solution well correspond with CFD simulation. The deviation of results for all meshes 
7×7, 11×11, 21×21, 41×41, 81×81, 101×101 nodes didn’t exceed 0.1%. Thus minor losses at the links differ in about 10 orders. 
 
a)  b)  
 
Fig. 5. Pressure fields in square cavern for 11×11 vesh: a) CFD simulation; b) a CVM hydraulic simulation 
 
The problem for extralarge network hydraulic analysis (about 2 million links) was solved on the basis of the fluid flow in a 
cubic cavern. The CFD mesh and an equivalent hydraulic network for cubic 11×11×11 nodes cavern are represented in fig. 6. 
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a)  b)  
 
Fig. 6. The cubic cavern meshes: a) CFD; b) Equivalent hydraulic network 
 
The results analysis of hydraulic and CFD simulations has shown their good agreement for all considered meshes with 
5×5×5, 7×7×7, 11×11×11, 21×21×21, 51×51×51, 81×81×81 nodes. The deviation of all the results for pressure and velocity 
fields was less than 0.1 %. 
Authors were held the simulation of the second and the third test problems with EPANET software, based on Todini’s global 
gradient algorithm. For small dimension (up to 2000 nodes) problems, corresponding to 7×7, 11×11, 21×21, 41×41 node grids 
for a square cavern and 5×5×5, 7×7×7 and 11×11×11 node grids for a cubic cavern, EPANET shows acceptable results, but 
estimation error increases with mesh dimension. Solutions, obtained by EPANET, for problems with grids 81×81, 101×101 for 
square cavern and the problem with meshes large then 11×11×11 nodes for cubic cavern are non physical. An estimation error 
comparison for pressure and velocity fields, obtained by CVM and EPANET due to the CFD results for square and cubic caverns 
are represented in Fig. 7 and 8 respectively. 
 
a)  b)  
Fig. 7. Comparison of the error, obtained by CVM and EPANET for square cavern: a) pressure error; b) velocity error 
 
а)  b) 
Fig. 8. Comparison of the error, obtained by CVM and EPANET for cubic cavern: a) pressure error; b) velocity error 
 
As cab be seen from results analysis, shown in figures 7 and 8, the CVM is numerically stable even for extra large hydraulic 
networks, in which the friction factor and minor losses in links may differ by more than 10 orders. For such cases EPANET 
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provides deviations which excess 100% even for 21×21×21 nodes problem, while the CVM allows to solve 81×81×81 nodes 
(more than 2 million links) problem with error less than 0.1%. 
During testing a CVM convergence analysis have been obtained. The convergence of fluid flow in cubic cavern for problems 
with different grids is shown in figure 9. As we may see the convergence doesn’t depend on problem dimension. This fact is an 
adventure of CVM in comparison to another software, such as EPANET, in which the convergence is depend on the problem 
dimension. Especially the independence of convergence is very important for extra large problems. 
 
 
Fig. 9. Convergence for a cubic cavern 
Conclusions 
The authors have made the transition from the mass balance equations based on the Kirchhoff laws in solution of network 
hydraulic with discretized of the continuity equation. It is reduced to the numerical solution of the second order Poisson's 
equation for pressure equation. It makes possible to solve extralarge network hydrodynamic problems order of few million nodes 
and links. A comparison of the proposed method with the global gradient algorithm Todini shows a good agreement. Moreover, 
control volume method is numerically stable even for hydraulic networks, in which the friction factor and minor losses in pipes 
may differ by more than 10 orders. 
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